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We construct the consistent CP (n) model on noncommutative plane. The Bogomolny
bound on the energy is saturated by (anti-)self-dual solitons with integer topological
charge, which is independent of their scaling and orientation. This integer quantiza-
tion is satised only for the eld congurations without any singularity in nite space.






Quantum eld theory on a noncommutative (NC) space has been proved to be useful in under-
standing various physical phenomena, like as various limits of M-theory compactication [1, 2], low
energy eective eld theory of D-branes with constant Neveu-Schwarz B-eld background [3, 4],
and quantum Hall eect [5]. Although NC eld theories are non-local, they appear to be highly
constrained deformation of local eld theory. Thus it may help understanding non-locality at short
distances in quantum gravity.
NC eld theory means that elds are thought of as functions over NC spaces. At the algebraic
level, the elds become operators acting on a Hilbert space as a representation space of the NC
space. Since the NC space resembles a quantum phase space (with noncommutativity θ playing the
role of h), it exhibits an interesting spacetime uncertainty relation, which causes a UV/IR mixing
[6] and a teleological behavior [7]. Also, for nonzero θ, there can be nonperturbative eects in the
form of soliton solutions even at the classical level and it could not have a smooth limit. Indeed,
several such solutions have recently appeared [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
In this paper we will show the existence of nonperturbative solutions in CP (n) model on NC
two plane. The CP (n) model, even though it consists only of scalar elds, enjoys local gauge
invariance and exhibits many similarities to instantons in four-dimensional Yang-Mills theory, such
as the existence of soliton solution for arbitrary n with scale parameters [19, 20]. In addition,
it has many applications to condensed matter systems [21]. However, since the CP (n) model is
relatively simpler than four-dimensional NC Yang-Mills theory, it will be very useful \toy model"
to investigate various questions of NC gauge theory if the ordinary CP (n) model can be generalized
to NC space. We will demonstrate here it is the case.
In section 2, we construct the consistent CP (n) model on NC plane. In section 3, the Bogomolny
bound on the energy is considered and it is shown that it is saturated by (anti-)self-dual solutions.
In section 4, we solve the soliton solutions for the (anti-)self-dual equations and show that their
topological charges, which are independent of their scaling and orientation, are quantized. However,
we nd that this integer quantization is satised only for the eld congurations without any
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singularity in nite space. In section 5, we summarize our results with a brief discussion of the
possible implication to the instanton physics in Yang-Mills theories on NC R4 [9], including the
problem for NC instanton solutions discussed in [14].
2 CP(n) Model
We consider the (2+1)-dimensional eld theory whose space is NC two plane. The coordinates x, y
of this NC plane satisfy the relation
[x, y] = iθ (1)
with θ > 0. This NC plane has not only the translation symmetry but also rotational symmetry.
One can see that the parity operation (x, y) ! (x,−y) is broken on NC plane. The classical eld
on this NC space is an element (t, x, y) in the algebra Aθ dened by x, y with the relation (1).









[z, z] = θ > 0. (3)
This commutation relation is that of the creation and annhilation operators for a simple harmonic
oscillator and so one may use the simple harmonic oscillator Hilbert space H as a representation
of (1). The ground state is j0 > such that zj0 >= 0 and jn >= zn/pθnn!j0 > so that
zjn >=
p
θnjn− 1 >, zjn >=
√
θ(n + 1)jn + 1 > . (4)
The integration over NC two plane becomes the trace over its Hilbert space, which respect the
translation symmetry: ∫
d2xO ! TrO = 2piθ
∑
n0
< njOjn > . (5)
The CP (n) manifold is dened by an (n+1)-dimensional complex vector  = (φ1, φ2, ..., φn+1) of
unit length with the equivalence relation under the overall phase rotation   eiα [19, 20]. This
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complex projective space of complex dimension n is equivalent of the coset space SU(n+1)/U(1)
SU(n). (It is quite straightforward to generalize our consideration here to the general Grassmanian
models with the manifold G(m,n) = U(n)/U(m) U(n−m) [22].)
Here we are interested in the CP (n) model on the NC plane. Thus the eld variable (t, x, y)
becomes an operator acting on H. The spatial derivatives are
∂x = iθ−1[y,], ∂y = −iθ−1[x,]. (6)







y− 1 = 0. (8)
This theory has a global SU(n + 1) symmetry and a local U(1) transformation
(x) ! (x)g(x) (9)
which removes the degrees of freedom for the overall phase of . The U(1) gauge transformation acts
on the right side, which leaves the constraint (8) invariant. This ordering of the gauge transformtion
is the key point which makes the whole model work.
This Lagrangian with the constraint (8) can be rewritten as
L2 = Tr
(




Dµ = ∂µ− iAµ, (11)
where Aµ(x) is the U(1) gauge eld without its kinetic term and λ(x) is a Lagrangian multiplier to
incorporate the constraint (8). This Lagranian is invariant under the local gauge transformation
dened by (9) and
Aµ(x) ! gyAµg − igy∂µg. (12)
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As there is no gauge kinetic term, one can solve the Aµ equation to get
Aµ = −iy∂µ (13)
which shows that the gauge transformations (9) and (12) are consistent with one another. After
using Eqs. (8) and (13), the second Lagrangian (10) becomes the rst Lagrangian (7), as it should
be.
Note that yDµ = 0 and the eld strength is
Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ] (14)
= −i(DµyDν−DνyDµ) (15)
which is the curvature tensor [Dµ,Dν ] = −iFµν . From the eld equation for ,
DµD
µ− λ = 0, (16)
we can deduce
λ = yDµDµ = −DµyDµ (17)
and the eld equation becomes
DµD
µ + (DµyDµ) = 0. (18)
3 Energy Bound
As in the commutative case, the CP (n) model on NC plane has the Bogomolny energy bound. The







jD0j2 + jDzj2 + jDz¯j2
)
. (19)







Expending this we obtain
Tr(DiyDi)  iijTr(DiyDj). (21)
The BPS bound on the energy is then
E  Tr(D0yD0) + 2pijQj, (22)
where the ‘topological charge’ is






which is U(1) gauge invariant. Contrast to the commutative case, there exists no conserved topo-





is covariantly conserved, DµJµ = 0. However, this implies that for the localized congurations, the









The energy bound is saturated by the conguration which is static in time and satises the
(anti-)self-dual equation [20], Di iijDj = 0, or in the complex notation,
Dz¯ = 0 (for self-dual case Q > 0), (26)
Dz = 0 (for anti-self-dual case Q < 0). (27)
4 (Anti-)Self-dual Solitons
To nd the (anti-)self-dual congurations, let us try to parameterize the eld as follows
 = (w1, w2, ..., wn, 1)φn+1  Wφn+1, (28)
where W is an (n + 1)-dimensional vector with the last entry wn+1 = 1. We also introduce a
n-dimensional vector w such that
W = (w, 1). (29)
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We also introduce an (n + 1)-dimensional projection operator
P = 1−W 1
W yW
W y (31)
whose kernel is one dimensional space generated by W vector.













































yP∂zW − ∂zW yP∂z¯W
) 1p
W yW
jl >< lj. (34)
For a localized conguration with a nite energy the eld  should have a unique asymptotic
value up to a gauge. We choose it to be
(t,1) = (u, 0) (35)
for a certain n-dimensional vector u. This breaks the global symmetry SU(n + 1) and the local
U(1) symmetry spontaneously to U(n). The asymptotic values are φn+1 = 0 and w(1) = 1.
(Another choice of the boundary condition is w(1) = 0.)
The self-dual equation then becomes
Dz¯ = P (∂z¯W )φn+1 = 0 (36)
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which is equivalent to ∂z¯W = cW for a constant c. As its (n + 1)-th component wn+1 = 1, the
constant c should vanish. A similar argument applies to the anti-self-dual equation. Thus they
become simplied as
∂z¯w = 0 (for self-dual), (37)
∂zw = 0 (for anti-self-dual). (38)
There are two classes of the self-dual equation. One class of w is consisted of polynomial functions
of z. Thus there is no singularity in the nite region and the eld  to be well dened in the nite
region. All the singular behavior or the topology of the eld is at the boundary at spatial innity.
The other of w is made of rational functions of z such that w vanishes when z goes to innity. Here
we will consider the rst class only.
Let us start with a single self-dual soliton solution,
w = a(z − z0)u (39)
where z0 is the position of the soliton and u is the unit complex n-dimensional vector. The vector
u describes the orientation of the soliton in the space S2n−1 and the real parameter a−1 is scale
of the solution. We use the translation symmetry to put z0 = 0. The topological quantity does
not change under the translation if the topological charge density vanishes quickly enough. The
(n + 1)-dimensional vector is




W yW = 1 + wyw = 1 + a2zz (41)
and
∂z¯W
y P ∂zW =
a2
1 + a2(zz + θ)
(42)













































1 + s(n + 1)
)
= 1. (44)
The scale parameter a of the soliton can be arbitrary but the topological number does not change.
Especially for the zero size soliton a = 1, topological charge density does not vanish only for
the j0 > state. (For the singular solution w = u/(az) with boundary condition w(1) = 0, the
topological charge is Qs =
∑
nf1/(1+ s(n + 1))− 1/(1+ s(n + 2))g = 1/(1+ s). We think that this
comes about as it is related to w = azu by a singular transformation.)
For a single anti-soliton solution
w = azu, (45)
we get
W yW = 1 + a2(zz + θ) (46)
and
∂zW




Its topological charge is then
Qs¯ = − 12piTr
{
a2






(1 + sn)(1 + s(n + 1))
= −1 (48)
with s = a2θ.
This can be easily generalized for rotationally symmetric k solitons and anti-solitons in the CP (n)
model. Let’s consider the k solitons solution given by
w = azku (49)




sk2n(n− 1)    (n− (k − 2))







1 + sn(n− 1)    (n− (k − 1)) −
1
1 + s(n + 1)n    (n− (k − 2))
}
= k (50)
where s = a2θk.
For anti-solitons
w = azku (51)




sk2(n + 1)(n + 2)    (n + (k − 1))






1 + sn    (n + (k − 1)) −
1
1 + s(n + 1)    (n + k)
}
= −k (52)
where s = a2θk.
Thus the topological index works ne for these solitons. This suggests that the topological charge
can be calculated for arbitrary (anti-)self-dual solutions. This is indeed true as we will see now.
The general solution for the k solitons is a holomorphic polynomial of k’s order. The most general
polynomial solution
w = azku +O(zk−1) (53)
is for the k solitons in the commutative case. We expect the parameters of this polynomial describe
the scale and orientation degrees of this conguration. To calculate its topological charge, we rst










































This is the analogue of the total derivative on the NC plane. Noting θ∂z¯O(z, z) = [z,O], we can











θ(n + 1) < n + 1jOjn > −
p






f< n + 1jOzjn + 1 > − < njOzjn >g
= lim
N!1
< N + 1jOzjN + 1 > (56)
assuming that Ozj0 >= 0. If O is singular and so that Ozj0 > 6= 0, there would be additional
boundary terms. (For example, the singular w = 1/(azk) solution there is additional boundary
terms. Here one note that 1/z = z(1/(zz + θ)) = (1/(zz))z could be a singular operation as
< 0j1/zzj0 >= 1.) If the large N limit vanishes, say like 1/N , then there is no boundary term
and so the sum vanishes. If the limit is of order one, the limit is nite. If it diverges like a power
of N , then the limit is not well dened. In this case, the series should be treated more carefully.





< n + 1j 1
1 + wyw































< N + 1jΩjN + 1 > +k− < N + 1j k
1 + wyw
jN + 1 >
}
= k (61)
as the last limit also vanishes as 1/Nk.
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For general anti-self-dual soliton solution,
w = azku +O(zk−1), (62)
similar argument leads to the topological charge −k.
5 Concluding Remarks
In this paper we have shown that the CP (n) model can be also well-dened on NC two plane.
There exist the (anti-)self-dual solitons that saturate the BPS energy bounds. We found that
(anti-)self-dual solitons carry integer topological charge regardless their orientation and size when
the eld congurations are regular. As we have seen, the topological number does not change when
the soliton shrink to zero size. This should remain true after going to the commutative variables
by using the Seiberg-Witten map [4]. While it is not clear how that is achieved in our case, there
is no natural way to envoke something like freckled instantons and make two space to blow up at
some points, contrast to Braden and Nekrasov’s work [12].
We point out that if one intends to consider the meromorphic ansatz satisfying BPS equation or
holomorphicity on NC plane, it has subtle problem and the topological charges become fractional
and depends on other parameters. For this reason, unlike the commutative case, it seems to be
more subtle treating the singular gauge transformation that relates the regular and the singular
soliton ansatz.
The low energy dynamics of the solitons will be described on the moduli space. To do this, one
has to know the metric of the moduli space [10]. One could in principle study the low energy
dynamics of the moduli parameters of solitons. They do not feel the noncommutativity directly,
but there should be no singular point in the moduli space contrast to the commutative case as the
topological charge does not change when a soliton collapses. It would be interesting to compare
the details of the dynamics with that on the commutative plane.
The solitons in the gauge theories are more complicated than the scalar theory like CP (n).
Recently there has been many works on the instantons on the NC R4 [9, 10, 11, 12, 13, 14]. The
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soliton properties of NC CP (n) model may play an important role in guring out the subtle issues
in the NC instantons of four dimensional Yang-Mills theory. One of the key lesson from our work
is that the topological number on NC space is somewhat trickey quantity, which needs a careful
treatment. Clearly one see a possible solution to the recently discovered quandary [14] where the
instanton number of a single U(2) instanton depends on the size of the instanton.
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